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Abstract. Let CBV denote the Banach algebra of all continuous real-valued functions of 
bounded variation, defined in [0,1]. We show that the set of strongly singular functions in 
CBV is nonseparably spaceable. We also prove that certain families of singular functions 
constitute strongly c-algebrable sets. The argument is based on a new general criterion of 
strong c-algebrability. 



1. Introduction 

In the last decade, much work was done in the study of subsets of vector spaces (topological 
vector spaces, normed spaces, Banach algebras, etc.) with no linear structure given a priori. 
This research was earlier initiated by Gurariy |13) . |14) and then continued by several authors. 
See for instance [T], [5], [5], [B], [5], [H], [TS]. 

Recall (see [I]) that, for a topological vector space V, its subset A is said to be: 

• lineable if ^ U {0} contains an infinite dimensional vector subspace W oi V (here the 
topological structure of V is not required); moreover, if dimVF = k then A is called 
n-lineahle; 

• spaceable if A U {0} contains an infinite dimensional closed vector subspace W of V\ 
moreover, if W is nonseparable, we say that A is nonseparably spaceable. 

One aim of our paper is to reexamine the spaceability of some families of singular functions 
contained in the Banach algebra CBV of all continuous functions from [0, 1] to K of bounded 
variation, endowed with the norm 

11/11 = 1/(0)1 +Var(/) 

where Var(/) — Varjo.i] / denotes the total variation of / in [0, 1] and, in general, Varj^ / 
denotes the variation of / in a subinterval [a, 6] of [0,1]. The lineability and spaceability of 
certain subfamilies of CBV were studied in [5] and more recently, in [B] . Our main result going 
in this direction states that the set of strongly singular functions is nonseparably spaceable 
(Theorem [2]). We heavily exploit a family of such functions known in the probability theory [8]. 

Another aim of our paper is to establish strong c-algebrability of some families of singular 
functions. Here c denotes the cardinality of R (continuum). Algebrability and strong algebrabil- 
ity are associated with algebras, the structures richer than linear spaces. The notion of strong 
algebrability for various special subfamilies of CBV, C[0, 1] and R[°'^1 becomes interesting in 
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light of some recent results obtained in this context. We propose a new general criterion of 
strong c-algebrability (Proposition [7]) which is used in Theorems 1^ and [T^ 

Recall (see [2]) that a subset E of an algebra A is algebrable if ii^ U {0} contains an infinitely 
generated subalgebra oi A. If i5 is algebrable with the minimal set of generators of 23 of 
cardinality k, then E is called K-algebrable. 

A strengthened notion of algebrability was introduced in [3] . Given an infinite cardinal k and 
a commutative algebra A, a subset i? of ^ is called strongly K-algebrable whenever there exists 
a set X — {xa : a < k} C E of free generators of a subalgebra 23 C i? U {0} (that is, the set 
X of all elements of the form x'^^_^ . . . x^^ , with nonnegative integers /ci , . . . fc„ nonequal to 
simultaneously, is linearly independent and all linear combinations of elements from X are in 
E U {0}). A set i? C is called strongly algebrable if it is strongly K-algebrable for an infinite 
K, and it is densely strongly K-algebrable if it is strongly K-algebrable and the respective free 
subalgebra is dense in A, provided that 71 is a Banach algebra. 

Let A stand for Lebesgue measure in R. A continuous function / : [a, 6] — > M of bounded 
variation is said to be singular whenever it is not constant and /' = 0, A-almost everywhere. 
The classical Cantor function (see e.g. [9 ) is an example of nondecreasing singular function 
defined in [0,1]. Also strictly increasing singular functions are known, see |16] where a good 
bibliography on this topic is presented. We will consider classes of singular functions inside 
which some rich algebraic structures can be inscribed. 

Note that CBV is a subspace of the Banach algebra BV of real-valued functions of bounded 
variation on [0, 1], endowed with the same norm. It is known that BV can be treated as the 
space of finite signed Borel measures on [0,1] with the norm being the total variation of such 
a measure. Then CBV is associated with those Borel measures which vanish on singletons. 
Among such measures, there is an important class of Borel probability measures described in 
full by continuous distribution functions. In particular, we will be interested in the following 
class of probability measures {fJ^p'- p G (0,1/2)}. Namely, /Zp is the distribution of the sum 
X = X]fe!Li(V2'^)Arfe where Xk, k G N, is a, sequence of independent random variables with 
FT{Xk = 0) =p and FT{Xk = 1) = I - p. The distribution function Fp(t) := Pt{X <t),te R, 
associated with fip has the following properties (see §31]): 

(i) Consider a birational number t — fc/2", for n e N and k G {0, . . . , 2" — 1}, and the 



terminating binary expansion t = X^fc^i'^fe/^'^ with Uk G {0,1}. Let £{t) and r(t) 
denote (respectively) the numbers of zeros and ones among ui, . . . , u„. Then 



(ii) Fp is continuous and strictly increasing on [0, 1], Fp{x) = for all a; < and Fp{x) = 1 
for all a; > 1. 




It follows that 
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(iii) li X £ (0, 1) and F^{x) exists then F^{x) = 0. As Fp is monotone, F^ exists A-almost 
everywhere in [0, 1] and consequently, F^ = 0, A-almost everywhere in [0, 1]. 

(iv) For any distinct p,q £ (0,1/2) there are disjoint Borel sets Bp,Bq C [0,1] such that 
fip{Bp) — 1, fiq{Bq) ~ 1. In other words, the measures fj,p and fiq have disjoint supports. 
For the proof, see ^8] Example 31.3]. 

In the sequel, we will consider the functions Fp, p £ (0, 1/2), restricted to [0, 1]. The following 
result belongs to mathematical folklore. The analogue of its second part is valid for any two 
Borel probability measures on [0, 1] having disjoint supports. 

Fact 1. The space CBV is nonseparable. This is witnessed by the condition \ \Fp ~ Fq\ \ ~ 2 for 
any distinct p, g G (0, 1/2). 

Proof. Consider any distinct p,q £ (0, 1/2). Pick Bp and Bg as in (iv). Clearly, \\Fp — Fq\\ = 
Var[o,i](i^p - Fq) < 2. Let e e (0,1/4). Pick closed sets Cp C Bp and Cq C Bq such that 
Mp(Cp) > 1 — e and fiq{Cq) > 1 — £. Choose disjoint sets Gp D Cp and Gq D Gq that are open 
in [0, 1]. Let (/„) and (J„) stand for the sequences of all connected components of Gp and Gq, 
respectively. Then fip{Gp) > 1 — e, that is X^n V^^ci(7„) Fp > 1 — e, and pip{Gq) < £, that is 
^„ Varci(j„) Fp < £. The analogous inequalities hold for measure ^q. So, 

1 - e < 51 Varei(/„) = ^ Var,i(,„)((Fp ~ Fq) + Fq) 

n n 

< Var,i(,„)(Fp -Fq)+Y, Var,i(^„) Fq<Yl Varci(/„)(^P -Fq)+e. 

n n n 

Consequently, 

Varci(j^)(fp — Fq) > 1 — 2e and analogously, Var^^j^) (fp — Fq) > 1 — 2e. 

n n 

Hence we have 

\\Fp ~Fq\\^ Var[o,i](Fp - Fq) > ^ Varei(,„) (Fp - Fq) + ^ Var,i(,;„) (Fp - F,) > 2 - As. 

n n 

Letting e ^> we obtain the assertion. □ 

2. Nonseparable spaceability of the set of strongly singular functions 

A singular function / e CBV will be called strongly singular whenever its restriction to every 
subinterval of [0, 1] is singular. In other words, / £ CBV is strongly singular whenever f' — O 
almost everywhere and / is not constant in every interval. Every function Fp, p e (0,1/2), 
considered in Section 1 is strongly singular. 

For each strongly singular function / and any subinterval [a,b] C [0, 1], a < b, we have the 
following properties: 

(I) / is nondifferentiable somewhere in [a,b]; 

(II) / is not absolutely continuous in [a, b] since otherwise, = f{d) - /(c) = f for aU 

c,de [a, b], c<d, (cf. m Thm 4.14]); 
(III) / is not Lipschitz in [a, b] since every Lipschitz function is absolutely continuous in a 

given interval. 
A main result of this section is the following. 
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Theorem 2. The set of strongly singular functions in CBV is nonseparably spaceable. 

An interesting example of nonseparably spaceable subset of BV has been established recently 
in [TTl Thm 3.1]. Our result is an essential strengthening of [SI Thm 4.1] where it was proved 
that the set of nonabsolutely continuous functions in CBV is spaceable. 

The proof of Theorem [2] will be divided into several lemmas. Let W — spanjFj, : p e (0, 1/2)}, 
that is, W denotes the linear subspace of CBV generated by all functions Fp, p ^ (0, 1/2). 

Lemma 3. Each function from W is not constant in every suhinterval I of [0, 1] . 

Proof. By induction with respect to fc £ N, we will show a more general condition stating that 
for any < pi < • ■ • < < 1/2 and 7^ with i = 1, . . . , fc, and for every interval / of the 
form / = [(j/2", (j + l)/2"] with n G N, j = 0, . . . , 2" - 1, we have 

fc 

i=l 

Suppose that we have proved this statement and suppose that there exists f ^ W which is 
constant in some subinterval of [0, 1]. Then / is of the form 
fc ^ 
f — OiFp^ where < pi < • • • < pfe < - and Oi ^ Q with i = 1, . . . , k. 

i=l 

We may assume that / is constant in an interval / of the form as above. Then we get 
fljMpi(^) — which is impossible. 
To start the induction, observe that our statement for fc' = 1 is obvious. Assume that this is 
true for a number fc G N. Consider 'Yllt^i o-il^Pi where < pi < • • ■ < Pk+i < 1/2 and Oi ^ 
with i = 1, . . . , fc + 1. Fix an interval / = {j + 1) /2"] with n G N and j = 0, . . . , 2" - 1. 

Suppose that J^''^^ aifip^{I) = 0. Consider J = [(2j)/2"+\ (2j + l)/2"+i], the left hahof /. We 
then have fip- (J) = PifJ^p^ (/) for i = 1, . . . , fc + 1 (see property (i)). Using this, we obtain 
fc+i fc+i fc+i fc 

'^a^iJp^{J) = '^aiPi^j.pXl) ^ Pk+i'^ai^ipXl) + ^aj(pi - pfe+i)/Zp, (/) 

i—1 i—1 i—1 i—1 

fc 

= ^a.,{pi ~ pk+i)fJ,p,{I). 

i=l 

Since X]i=i — Pk+i)l^-pi (I) 7^ by the induction hypothesis, we obtain a contradiction. □ 

Lemma 4. // / belongs to the closure cl(M^) of W in CBV then /' = almost everywhere in 
[0,1]. 

Proof. Assume that fn^f hi the norm of CBV, for some sequence (/„) of functions from W. 
For each n G N, let = {x G [0,1]: f^,{x) = 0}. Then A(Ai) = 1- Since / G CBV, the 
derivative /' exists almost everywhere in [0,1]. Suppose that |/'| > in a set E of positive 
Lebesgue measure. Then there exists fc G N such that X{Ek) = a > where Ek = {x G 
E: \f'ix)\ > 1/fc}. It follows that |(/ - /„)'(a;)| > 1/fc for ah x e Ek n £>„ and n G N. Now, we 
have (for the first inequality, see [ini Thm 224 I]) 

Var[o,i](/ - /„) > f \{f- f„y\ > f \{f- /„)'! > J 
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for all n G N, which contradicts ||/n ^ /|| 0. □ 

Lemma 5. Consider arbitrary birational numbers to ~ io/2"° and ti ~ from [0, 1) such 

that ni > no, ((ti) > £{to) and r{ti) > r{to) (see property (i)j. Put Iq = [to,ta + 1/2"°] and 
^ [ti,ti + l/2"i]. Then there exists a subinterval J = [j/2"i, (j + l)/2"i+i] (with j en) of Iq 
such that fJ-p{ J) = for each p G (0, 1/2). Moreover, for any real numbers a, l3 £ Ii, a < (3, 

there exists a subinterval [ai,j3i\ of Iq such that /ip([ai, =/ip([a, /?]) for each p £ (0,1/2). 

Proof. Note that no = £(to) + ''(^o) and ni = e{ti) + r{ti). Let m = e{ti) - ({to) and k 
r{ti) — r{to). We make m + k divisions into halves of consecutive intervals. We start from Iq, 
choosing left halves m times and then choosing right halves k times. After that we obtain the 
interval 



J 



1 1 1 



Then using several times the final part of property (i), we have 

t^piJ) = /(*o)+"(l -p)'^(*«)+^- =/(*i)(l -p)'-(*i) = ^p(/l) 

for each p G (0, 1/2), as desired. 

To prove the second assertion, let t2 = min J and note that £{t2) — i{ti), r{t2) — r{ti). Let 
X — t2 ~ ti and consider a subinterval / of Ii of the form 

' i i + 
2" ' 2" 

Denote I + x = {t + x: t£ I}. Then I + x C J. Observe that mini and min(/ + x) have the 
same numbers of zeros and ones in their terminating binary expansions. So by property (i) we 
have 

1' 



(1) 



for n > ni and z G {0, . . . , 2" - 1}. 



(2) iip{I + x) — fJ-p{I) for each p G |^0, ^ 

Now, let a, /? G /i, a < /?. Then [a, f3] can be expressed as a countable union of intervals of the 
form ([T]) with pairwise disjoint interiors. Since every measure fip vanishes on singletons, from 
^ it follows that ^p([a,/3] + x) — fip{[a,l3]) for each p G (0, 1/2). Thus we put ai = a + x, 
f3i — j3 + X and we obtain the assertion. □ 

Lemma 6. If f £ c\{W) is constant in some subinterval of [0, 1] then f is equal to in [0, 1]. 

Proof. Let / G cl(W^) be constant in some subinterval of [0, 1]. If / is constant in [0, 1] then since 
/(O) = 0, we have / = in [0, 1] which yields the assertion. So, suppose that / is not constant 
in [0, 1]. Pick a subinterval Iq — [io/2^°, (zq + l)/2"''] of [0, 1] such that /|/(, is constant and /q 
is the longest among such subintervals of [0, 1]. Let f\jg — c. 

Since / is not constant in [0, 1], we can choose / — [?/2", {i + l)/2"] such that / C [0, 1], 
n > uq and f\i is not constant. We are going to find a subinterval Ii = [ii/2"% (ii + l)/2"i] of 
[0, 1] such that rii > uq, is not constant, and additionally 

(3) ^(*i/2"^) > ^(zo/2"°), r(zi/2"0 > K*o/2"°). 

If the interval / staisfies ([3]), put Ii = I. Otherwise, observe that n > implies that for 
ii = i and ni = n at most one of inequalities in ([3]) can fail. Assume, for instance, that 
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< ^(io/2"°). (The case r(i/2") < r(io/2"") is similar.) We will find a subinterval J of 
/ which can be taken as Ii. Namely, since /|/ is not constant, pick a,b Cz I, a < b, such that 
/(a) f{b). The set A — (/|[a,6])^^[{/(a)}] is compact and define z = max A. Then / cannot 
be constant in any interval [z, z + S] with z + 6 < b and 6 > 0. If z is birational, pick m G N 
such that z + 1/2™ < b and put J = [z, z + 1/2™]. If z is not birational, consider its binary 
expansion z = J^j and pick fc e N so large that for z' ~ 12j=i we have a < z' and 

z' + 1/2'=+! < b. Then put J = [z', z' + l/2'=+i]. 

Having Ii defined, pick x,y E Ii, x < y, such that f{x) ^ f{y) and let e = \f{x) — f{y)\. 
Since / S cl(Vl^), choose g £W such that ||5 — /|| < e/4. In particular 

\g{x) - fix)\ < |, \g{y) - /(y)| < | and - c| < | for aU t € Iq. 

It follows that \g{y) — g{x)\ > e/2. By Lemma[S]pick an interval [a, [3] C Iq such that 

(4) Hp{[a,(3]) = fip{[x,y]) ioi eiichp e ^0, ^ 

Since g G W, we can write 

k ^ 
g — SiFp. where < pi < p2 < ■ ■ ■ < Pk < with ^ for i = 1, . . . , fc. 

Let g^ — X)s >o '^i^Pi ^^'^ 3^ ^ <o -^i-^Pi- Then g = g^ — g^ and from ^ it follows that 

-g'^ia) = 9^{y) -9^{x) and g"(/3) - g^ {a) ^ g^ {y) - g^ {x) 

which implies that g{l3) — g{a) — g{y) — g{x). Hence 

I < \g{y) - g{x)\ = \g{P) - g{a)\ < |g(/3) -c\ + \c- g{a)\ < | 

which yields a contradiction. □ 

Proof of Theorem (2), From Lemma [3] it follows that the functions Fp, p E (0,1/2), are 
linearly independent. We have defined W = span{Fp: p E (0, 1/2)}. Observe that cl(VF) is a 
closed vector subspace of CBV which is additionally nonseparable by Fact [TJ By Lemmas |4] 
and El the set cl(VF) \ {0} consists of strongly singular functions. □ 

3. Strong c-algebrability of some sets of singular functions 
We say that a function / : R — > R is exponential like ( of range m ) whenever 

m 

(5) f{x)=J2a^e^'"^ a;eM, 

4=1 

for some distinct nonzero real numbers /3i, . . . /3„i and some nonzero real numbers ai, . . . am- We 
will also consider exponential like functions (of the same form) with domain [0, 1]. 
Our general criterion of strong c-algebrability is the following. 

Proposition 7. Given a family 3^ C RI'^'-'^I, assume that there exists a function F E 3^ such that 
f o F E 3^ \ {0} for every exponential like function / : M — > R. Then J is strongly c-algehrable. 
More exactly, if H E R is a set of cardinalty c, linearly independent over the rationals Q, then 
expo {rF), r E H, are free generators of an algebra contained in 3^ U {0}. 
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Proof. Fix a set H of cardinalty c, linearly independent over the rationals Q. By the assumption, 
expo (rF) E 3^ for all r E H. To show that expo (rF), r E H, are free generators of an algebra 
contained in 3^U {0}, consider any n G N and a non-zero polynomial P in n variables without a 
constant term. Then the function given by 

(6) :E^P(e''i^("\e''^^("\...,e''"^(")), xe[0,l], 
is of the form 

(7) 5:a,(e-^(^)) " . . " = J] a, exp J] r,fc,, 
i=i i=i \ j=i 

where ai, . . . am are nonzero real numbers and the matrix [kij]i<„i.j<n has distinct nonzero rows, 
with kij E {0,1,2,...}. Since the function t H> X^I^Li ^^P(^ Sj=i ''i^y) exponential like, 
from ([7]) and the the assumption it follows that the function ^ is in S'yiO}. (For technical details 
concerning the role of the set H, compare with where a similar technique was used.) □ 

Note that the functions of type e^^ were used to show the lineability of various sets of func- 
tions, then the generators of the respective linear subspace were of the form F{x)e^^ with the 
respectively chosen function F from the considered set. (See e.g. [5], [H].) In Proposition [71 
instead of multiplication, we use superposition of e^^ with F, in aim to show the (strong) alge- 
brability of the considered set. This new idea will be used below in Theorems 151 and [T^ 

Lemma 8. For every positive integer n, any exponential like function f : [0, 1] ^ M of range m, 
and each c G M, the preimage /^^[{c}] has at most m elements. Consequently, f is not constant 
in every subinterval of [0, 1]. 

Proof. We proceed by induction. If m = 1, the function / is of the form f{x) = ae^"^, x E [0, 1], 
with a ^ and /? ^ 0. So / is stricly monotone and the property is obvious. 

Assume that the property holds for all exponential like functions of range m. Let f{x) — 
X^S^ aiG^'^, X E [0, 1], for some distinct nonzero real numbers . . -/^m+i and some nonzero 
real numbers ai, . . . am+i- Consider the derivative 

m+l / m+l \ 

f{x) = Y = e"'" + E h X e [0, 1]. 

Note that — Pi — for i ~ 2, ... ,m -I- 1, are nonzero distinct real numbers. So, we may 
apply the induction hypothesis to g{x) = X)!!!^^ Pi 

E [0, 1], and c — — /3iai. This shows 
that (/')^^ [{0}] has at most m elements. Hence / has at most m + 2 local extrema on [0, 1] (we 
should take into account one-sided extrema at and 1 where maybe /' does not vanish). This 
implies that for each c G M, the preimage /~^[{c}] has at most m + l elements, as desired. □ 

Theorem 9. The set of strongly singular functions in CBV is strongly c-algebrable. 

Proof. Fix a strongly singular function F E CBV. For instance, let F be the distribution function 
Fi/4 considered in the previous sections. It suffices to check that the assumption of Proposition[7] 
is valid with 3" equal to the set of strongly singular functions. Consider an exponent like function 
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/ given by ([5]), for some distinct nonzero real numbers . . . Pm and some nonzero real numbers 
ai, . . . am- Since F' = almost everywhere in [0,1], we have 

m 

(/ o Fy{x) = F'{x) a,Ae'^'-^("'' = for almost all x E [0, 1]. 

4=1 

Suppose that / o F is constant in some subinterval [c,d] of [0, 1] with c < d. Since is a 

continuous increasing bijection from [0, 1] onto [0, 1], the function f = {f ° F) o is constant 

in the interval [F{c),F{d)] which contradicts Lemma [S] □ 

Note that c is the largest among the cardinalities k which can yield K-algebrability of strongly 
singular functions. By property (III) of strongly singular functions, our Theorem [S] implies the 
recent result [TSl Thm 2.1] stating that the set of continuous functions on [0, 1], which are a.e. 
differentiable, with a.e. bounded derivative and are not Lipschitz, is c-lineable. 

By virtue of Lemma SI the set of strongly singular functions in CBV cannot be densely 
algebrable. On the other hand, the set of strongly singular functions can be considered a subset 
of the Banach algebra C[0, 1] of continuous functions from [0, 1] to R, with the supremum norm, 
and we have the following result. 

Theorem 10. The set of strongly singular functions is a densely strongly c-algebrable subset of 
C[0,1]. 

Proof. In the proof of the previous theorem, by the use of Proposition [71 we have obtained 
a free algebra A contained in the 3^ U {0} where 3^ is the set of strongly singular functions. 
According to Proposition [71 expo (rF), r E H, are free generators of A. Now, we additionally 
assume that H contains the terms of a sequence (r„)n>i convergent to 0. Thanks to this, the 
closure c\{A) of A in C[0, 1] contains all constant functions since if c £ R then the sequence 
(cexpo (r„F))„>i converges uniformly to c. Let A* be the algebra generated by the constant 
functions and the functions from A. Then cl(yi*) = c\{A). By the Stone- Weierstrass theorem 
we have cl(yi*) = C[0, 1], so ^1 is dense in C[0, 1], as desired. □ 

In the proof of the next theorem, the following elementary lemma will be needed. Every 
continuous function defined on an interval will be treated as times differentiable. 

Lemma 11. Given functions f and g from (a, 6) into R, and an integer n > 1, assume that f 
and fg are n times differentiable, g is n — 1 times differentiable and f does not vanish in (a, b). 
Then g is n times differentiable. 

Proof. We use induction. The case if n = 1 is clear since g — {fg)/f- Assume that the property 
is valid for a fixed n > 1. Suppose that / and fg are n + I times differentiable, g is n times 
differentiable and / does not vanish in (a, b). Hence (/<?)' = fg + g' f is n times differentiable, 
and so is fg. This implies that g' f is n times differentiable. By the induction hypothesis, g' is 
n times differentiable and the proof is finished. □ 

By C„ we denote the algebra of functions from [0, 1] into R that have n continuous derivatives 
in [0,1]. 
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Theorem 12. Given n> 1, the set of Junctions of class C„ that do not have derivative of order 
71 + 1 somewhere in any open subinterval of [0, 1] is strongly c-algebrable. 

Proof. Consider F ~ F1/4, the strongly smgular function used before. We will use it to construct 
an increasing function G : [0, 1] M of class C„ which does not have derivative of order n + 1 
somewhere in any open subinterval of [0, 1]. For n — 1, G{x) — F, x (£ [0, 1], is good. Having 
the respective function G for a number n, we define G{x) — G, a; G [0, 1], which is good for 
n + 1. 

We will apply Proposition[7]with the set J of functions in class C„ that do not have derivative 
of order n + 1 somewhere in any open subinterval of [0, 1]. Namely, we will check that f o G € 

{0} for every exponential like function / : R — > M. Fix an exponential like function / given by 
Note that the functions / and /' are infinitely difFerentiable and, by Lemma [11] they have 
finitely many zeros in any bounded interval. Clearly, f o G E C„. Fix an interval (a, b) C [0, 1]. 
We will show that f o G does not have derivative of order n + 1 somewhere in (a, b). We may 
assume that / and /' have no zeros in (a, b). Suppose that / o G is n + 1 times differentiable in 
(a, 6). Since 

{foGy{x) = {roG){x)-G'{x), xe{a,b), 

f o G is n times differentiable in (a,b) and it does not vanish in (a, &), we infer by Lemma 1111 
that G' is n times difFerentiable in (a, b). This is a contradiction. □ 
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